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7.1 Background of the Saltus Model

The saltus model was developed in dichotomous form by Wilson (1989). and
expanded to polytomous form by Draney (1996) as a method for detecting
and analyzing discontinuities in performance that are hypothesized to occur
as a result of rapidly occurring person growth (e.g..Fischer, Pipp. & Bullock.
1984). Such discoutinuities are often theorized to occur as the result of pro-
gression through developmental stages or levels. The most influential such
theory was developed by Jean Piaget (e.g., Piaget. 1950; Inhelder & Piaget,
1958). Although Piagetian theory has been somewhat controversial of late
{ec.g.. Lourengo & Machado, 1996), there is still a strong interest in stage-
like development in a number of areas, including moral and ethical reasoning
(e.g.. Dawson, 2002; Kohlberg & Candee, 1984). evaluative reasoning (e.g..
Dawson-Tunik. 2002; Armon, 1984), adult development (e.g., Commons et
al., 1998; Fischer, Hand, & Russel, 1984}, and cognitive development (e.g.,
Bond, 1995b,a; Bond & Bunting, 1995; Demetriou & Efklides, 1989, 1994;
Hiele, 1986).

The work of Piaget describes the cognitive developmental stages through
which children progress as they grow. In particular, school-age children
progress from the preoperational stage. through the concrete operational
stage, to the formal operational stage. In the preoperational stage. children
are able for the first tiine to produce mental representations of objeets and
events, but unable to consistently perform logical mental operations with these
representations. In the concrete operational stage, children are able to per-
form logical operations, but only on representations of concrete objects. In
the formal operational stage, which starts to occur around the beginning of
adolescence, children are able to perform abstract operations on abstractions
as well as concrete objects.

According to Piaget. progress from stage to stage is characterized by more
than situple linear growth in reasoning ability. The transition {rom one stage
to another involves a major reorganization of the thinking processes used by
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children to solve various sorts of problems. Thgories with similar structpre, l:)ut
perhaps different substantive focus, are described by the many peo-Plagehlan
researchers, and by other researchers who use stgggl)ased f.heorles.
Researchers in the Piagetian tradition are using mcreasm’g]y comple?c‘ sta-
tistical and psychometric models to analyze thglr data. Elieleu-ld-8.z Mlblevy
(1996) analyze proportional reasouing tasks using DBayesian mfe'lencfe ueht—
works. Noelting et al. (1995) discuss the advantages'of Rasch scglmg. or the
understanding of Piagetian tasks. :3(;nd (11995!),21) discusses the implications
- Piagetian theory and philesophy. .
o I}rl{z‘ltfsgg l‘esearchers?’in psychometrics have beg.un wrestling‘\mth the
problem of developing and applying models with sufficient complexity to ad-
dress such substantive issues. For example. the thrge-para{neter mgdel ha§
been used diagnostically by rescarchers such as Yen (l$)8§). She de.scrlbes p;),l.-
terns of problematic item fit that are sometimes obsel.'ved in 'anal‘yzmg com;l) ex
data and asserts that these may be indicators for increasing item comp el,;(-
ity. Differences in item complexity such as she describes could potentla{ly e
indicative of a set. of iterns that represent more t.hax? one .developmental stage.
Another approach to the problem of incorporating different response pat-
terns and their associations with classes is giveu’ by latent-class mod‘ehnlgi lFo.r
example, Dayton & Macready (1976) applied this approach tq behaviora ll;ill;
archies of the type often seen in developmgntal theories. In t.h.lSA approacht e
underlying class is represented by a set of response probal?lhtles to the items
in question. Whereas Yen's (1985) research might be consxdereq c?xploratory,
latent-class theory can be used in a wore conﬁrmut‘(-)ry way. Additinnal gxam—
ples of such models and their uses are given in Rijmen & De Boeck (2003),
. and Croon (1990},
Fonlrilﬁv(elr?ggx))st (1988) stat(es that the defining feature of latent-class mod-
els is the characteristic that all persons within a latent class'have ?he same
probabilities of answering a set of items correctly, fmd thus .(1f cons%dered in
an educational context) the same ability or proﬁcxency: It is plau51ble. that
children within a given developmental stage might vary in overall proficiency
ithi at stage.
wn}"ll‘ﬁet};::lttztsarguodel was developed to combine the a/dvan‘tagetﬂ: of thg RM,
including varying person proficiency. and latent—c}ass modeling, including dlf}
fering patterns of response probability Across different latent subgrmllpsY o
persons. In this way, it is similar in its origius to the HYBRID model (Ya-
mamoto, 1989; compare also Chapter 4 in this volume), a }atent«class model
that included as one of the classes a “catch-all” latent-trait model f01i those
persons who did not fit well into one of the other classes: However, }1nl'1ke the
HYBRID model, the saltus model provides a latent-trait nodel within each

of the latent classes identified.
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7.2 The Saltus Model

The saltus model is based on the assumption that there are C classes, repre-
senting developmental stages or levels. Each level is represented by a set of
items, which are constructed such that only persons at or above the develop-
mental stage represented by those items are fully equipped to answer them
correctly. and once persons enter that developmental stage. they should gain
a substantial advantage in answering those items.

In the discussion to follow, the terms “person class” and “item group”
will be used. This is merely a device used for clarity when it is necessary to
differentiate between classes of persons and groups of items, and does not have
any particular substantive significance.

Tlie saltus model assumes that all persons in class ¢ answer all items i a
manner consistent with membership in that class. However, persons within a
class may differ by proficiency. In a Piagetian context. this means that 2 child
in. say, the concrete operational stage is always in that stage, and answers all
items accordingly. The child does not show formal operational development for
some items and councrete operational development for others. However. some
concrete operational children may be more proficient at answering items than
are other concrete operational children.

In the saltus model. two parameters describe a person v: 2 unidimensional
proficiency parameter 6, and an indicator vector for class membership ¢,,.
If there are C' latent person classes. then ¢, = (ot - . .. duc). where ¢,
takes the value of 1 if person v is in class ¢ and 0 if not. Note that only one
®ue is theoretically nonzero: however, since it is a latent parameter. it must
in practice be estimated.

Just as persons are members of only one class, items are associated with
one and only one group. In a developmental context, an item'’s group would
be said to be the first developmental stage at which a child would have all of
the skills necessary to perform that item correctly. It is. of course, possible for
children at lower developmental stages to perform items correctly from time to
time: however. this usually occurs because of guessing or a poorly developed
strategy that happens to produce the correct answer in some cases. Unlike
person-class membership. however, which is unknown and must be estimated.
item-group membership is known a priori, based on the theory that was used
to produce the items. It will be useful to denote item-group membership by
the indicator vector b;. As with person classes indicated by the ¢,, we assume
that there are C' item groups, and each item is member of exactly one group,
ie. by = (by, .... b:c). when by, takes the value of 1 if item i belongs to
item class &, and () otherwise. The set of all b; is denoted by b.
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The saltus model requires a number of constraints on thg parameters(. Ff'or‘
item-step parameters, we use two traditional constraints: hrs?. Bio = )1 (t)x
. 5 1 the B;; across all items is set equal to
every item, and second, the sum of al i > set eq
(;Z:z)ySOnxe constraints are also necessary on the saltus p'dramet)el S. thl?; co:lc:
. i i 3 -ameters have been estimated
» accomplished in several ways, but once para e . .
bith@cgnl; rs)et of restrictions. they can be translated to corresponding values
‘L;lvll(lel' another set. The set of constraints we have chosen is the sgme as tlhat
used by Mislevy & Wilson (1996), and will allow us to 111terprelt the .sa:r tus
o i 'S ental stage. Two
AT ers as changes relative to the first (lowest) developmen : .
parameters as changes re ‘ . ) developmental vage. e
sed. t 7e1 = 0: thus, the y ;
sets of constraints are used. First 7 : . ficu ’
(lowest) group of items is held constant for all person clsib§es, changes “,n ttl?e
diiﬁc:llty of groups of items for k > 1 are interpreted wn;h. respect to blS
first g‘r(‘;up of items for all person classes. Also 715 = 0: thus, items as seen by
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person classes with ¢ > 1 will be interpreted relative to the difficulty of those
items as seen by person class 1.

The saltus model is a special case of the more general mized RM described
by Rost (1990, compare also Chapter 6 in this volume). The estimation of
polytomous mixed RMs with and without constraints using conditional max-
imum likelihood methods is discussed in von Davier & Rost (1995). This
model is itself a member of the class of fnite mixture-distribution models
(e.g., Titterington et al., 1985; Everitt & Hand. 1981). Perhaps the most gen-
eral of such models to have been discussed in an educational context is the

mixture multidimensional random coefficients multinomial logit (M2RCML)
model described by Pirolli & Wilson (1998).

7.3 An Example Application

An example of the application of the saltus model will be based on a set of
responses to Noelting's (1980a: 1980b) orange juice mixtures test for assessing
proportional reasoning. The items in this test consist of pictures of a certain
number of glasses of juice and glasses of water. representing a mixture. In
each item. the child is shown two such mixtures and asked which would taste
more strongly of juice, or if they would taste the same. A representation of
such an item is shown in Figure 7.1.

versus I l

Fig. 7.1. Representation of Noelting juice mixture item. Dark indicates juice,
indicates water.

light

Noelting postulates a Piagetian stage hierarchy consisting of three stages—
the intuitive, the concrete operational, and the formal operational—for per-
sons solving these items. Noelting develops juice mixture problems to repre-
sent the skills that differentiate between each developmental stage.

In the intuitive stage, the child can additively compare the relative quan-
tity of an attribute (e.g., more glasses of Jjuice or more glasses of water), but
tends to pay attention ouly to one attribute or the other. In the concrete
operational stage, the child begins to learn the concept of ratio and propor-
tionality. Rather than simply comparing the number of glasses of juice or
water between the two mixtures, the child is able to recognize the concept
of “one glass of juice for every glass of water” or “twice as much Jjuice as
water.” In the formal operational stage, the child learns to deal formally with
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fractions. ratios, and percentages. Here, the child bggins to master' the formal
mathematical rules for comparing two arbitrary mixtures. For L'hlS 'eafample,
we will consider the items developed for the first two stages (the intuitive and
: te operational).

the Iszzlctr;; pi;stulates t)hree problem types (represeu.tmg' ordered substageé)
within a stage and develops between one and four rephc'fxt.nofls of each of tlLess
substage problem types. These problem types and reple:atlons are descri e

in Table 7.1. The items were administered to a sample of 460 gub T;ects.m'ngmg
in age from 5 to 17 years. The nwmber of persons at each age is given in Table

7.2.

Table 7.1. Noelting items

[tem Stage Mixture 1 Mixture 2
1 intuitive 4 Juice, 1 Water 1 Juice, 4 Water
2 intuitive 1 Juice, 2 Water 2 Juice, 1 Water
3 intuitive I Juice, 0 Water 1 Juice, 1 Water
4 intuitive 1 Juice, 2 Water 1 Juice, 3 Water
5 intuitive 2 Juice, 3 Water 1 Juice, | Water
6 intuitive 2 Juice, 1 Water 3 Juice. 4 Water
7 concrete 1 Juice, 1 Water 2 Juice, 2 Water
8 concrete 2 Juice, 2 Water 3 Juice, 3 Water
9 concrete 1 Juice, 2 Water 2 Juice, 4 Water
10 concrete 2 Juice, 4 Water 3 Juice, 6 Water
11 concrete 4 Juice, 3 Water 8 Juice, 6 Water
12 concrete 3 Juice, 1 Water 6 Juice. 2 Water

5 Juice, 2 Water
3 Juice, 1 Water

13 formal 3 Juice, 1 Water
14 formal 8 Juice, 3 Water
15 formal 5 Juice, 2 Water 7 Juice, 3 Water

16 formal 3 Juice, 5 Water 5 Juice, 8 Water

17 formal 140 %, 0 10 %, 1 Water 040 %, 2 10 %, (0 Water
18 formal 040 %, 2 10 %, 1 Water 2 40 %, 0 10 %. 4 Water
19 formal 140 %, 110 %, 1 Water 140 %, 010 %, 2 Water
20 formal 140 %, 1 10 %. 1 Water 2 40 %, 1 10 %, 2 Water

The saltus model to be fit to these data will be a two-stage model, compar-
ing the intuitive and the concrete items. In this model, saltus cl?)ss 1 shlm.xld
include the youngest children in the intuitive stage, saltus class 2 should in-
clude middle-aged children in the concrete operational stage, as well as the
oldest children in the formal operational stage. In this modt‘al, there will be
one between-class saltus parameter, for the older childrep Fakmg the concrete
operational items. This parameter is expected to lfe positive. ' .

Parameter estimates and standard errors for this 11.10de.l are given in Table
7.3. Approximately 60% of the sample is classxﬁgd into saltus class 1. 'an‘d
40% into class 2. Class 1 is lower in mean proﬁcxgncy t.han cla§s 2. This is
not surprising, since older children are in general higher in proficiency on the
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Table 7.2. Ages of subjects in the Noelting sample

Age I'requency Percent

5 3 001
6 26 0,06
7 10 0,09
8 53 0,12
9 45 0,10
10 51 0,11
11 60 0,13
12 40 0,09
13 48 0,10
14 26 0,06
15 29 0,06
16 28  0.06
17 11 0,02
Total 460

intuitive items (i.e.. less prone to errors) than are younger children. in addition
to having the skills necessary to solve developmentally more complex groups
of items. Also as predicted. the saltus parameter 7o; is statistically different
from zero (with magnitude more than twice its standard error), indicating
that there is some systematic effect of class membership on item performance
for concrete operational items. .

Recall that item difficulties as shown in Table 7.3 are interpreted relative

" to the lowest person class. The following is an example of how Lhe 7 parameter

may be interpreted. For the lowest person class, intuitive itera 1 has difficulty
parameter —7.08, while concrete item 1 has difficulty parameters 1.89. For
person class 2, intuitive item 1 retains the same difficulty parameter (although
the mean proficiency of person class 2 is higher than for class 1, and thus the
probability of correct responses to the intuitive items is higher for person class
2). However, the difficulty parameter for concrete item 1 is adjusted by 7 when
seen by person class 2. and thus becomes 1.89 - 5.66 = -3.77. Not only are
persons in class 2 more likely to answer iterns correctly than are persons in
class 1 (because of the higher average proficiency of class 2), the difference
between the difficulties of intuitive and concrete items is greater for persons in
class 1 than it is for persons in class 2. In probability terms. this means that
an average person in class 1 has a .10 probability of scoring 1 on concrete item
L. If 7 had been zero (and the difficulties of concrete items had been the same
for person class 2 as for person class 1), an average person in class 2 would
have scored 1 with a probability of approximately .58. However, hecause of the
size of T, the average person scores 2 on this item with a probability greater
than .99.

The interpretation of item difticulties and mean abilities for classes is often
easier when these parameters are displayed in a graphical form sometimes
referred to as a Wright map (Wilson, 2005) in honor of its creator, Benjamin
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Table 7.3. Parameter estimates and standard errors

Parameter Estimate S. E.

B -7.08 0.532
Bs -6.61 0.446
B -4.10 0.232
B -3.75 0.218
Bs -1.97 0.168
Be -2.38 0.177
B 1.89 0.183
Bs 1.49 0.179
Go 5.30 0.181
Bro 5.89 0.164
B 5.66 0.171
Bz 5.66 0.171
Ta2 5.66 0.131
i -0.26
o 2.61
m 0.59
2 2.21
o2 1.72
- 0.41

D. Wright, of the University of Chicago. Maps have long been used with
RMs such as the partial-credit and rating-scale models, and are incorporated
into many estimation software packages for these models. These maps are
not meant to decide whether a particular model fits the itemn response data,
but they are very useful in describing which persons (here which classes) and
which groups of items are close when comparing (average) ability estimate
and item difficulty.

A Wright map of the mean class abilities and the item difficulties as seen
by each class is given in Figure 7.2. In this figure, the units of the logit scale
(the scale in which parameters for this model are estimated) are shown on
the extreme left side of the page. The column to the right of this contains the
mean abilities of the person classes, with a range of one standard deviation
on either side of each class mean. The mean of each class is represented by
the letter M followed by Lhe class number (e.g., M1 for the mean of class
1). Similarly, the upper and lower limits of the standard deviation range are
represented by the letter S and the class number; these limits are connected
by dashed lines to the class mean.

The difficulty levels for the various item steps as seen by each class are
shown in the remaining columns. The difficulty levels for the items as seen by
class 1 are shown in the column labeled “Item difficulty.” under the heading
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Fig. 7.2. Wright map of person distributions and item difficulties for two groups

Pl

for class 1, and similarly for class 2. More-difficult item steps and more able
persons are toward the top of the page, and less-difficult item steps and less
able persous are toward the hottom of the page. ‘
The effect of the saltus parameters can be seen quite clearly in this figure:
The gap between the difficulties of the intuitive items and the concrete items
is substantial for class 1. While the difficulty of the intuitive items is hel(i
fixed for both classes, the difficulty of the concrete items drops for class 2
such that the easier of the concrete items are nearly identical in diffieult t(,)
the harder intuitive items for this class. a
Model-based response probabilities by a person whose proficiency was
equal to the mean of each class, using the estimated parameter valut;s, are

S TR L ed csmne C—ay
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given in Table 7.4. For the intuitive items. both classes are mos:t likely _to
score 1. Response probabilities for the concrete items are quite dnfferenf. tor
the two classes, with Class 1 most likely to answer incorrectly to all of the
items, while Class 2 is most likely to answer correctly. Even class 2, however,
has about a 10% chance of answering all but the first two concrete items

incorrectly.

Table 7.4. Item difliculty and probability of correct response by item for the average
ability level of two saltus groups

Group 1 Group 2
[tem Difficuity /(X = 1} Difficulty P(X = 1)
11 -7.08 1.00 -7.08 1.00
12 -6.61 1.00 -6.61 1.00
3 -4.10 0.98 -4.10 1.00
14 -3.75 0.97 -3.75 1.00
15 -1.97 0.85 -1.97 0.98
16 -2.38 0.89 -2.38 0.99
C1 1.89 0.10 -3.77 1.00
C2 1.49 0.15 -4.17 1.00
C3 5.30 0.00 -0.36 0.93
C4 5.89 0.00 0.23 0.88
C5 5.66 0.00 0.00 0.90
C6 5.66 0.00 0.00 0.90

An example set of person-response vectors, classification probabi)ities. abil-
ity estimates, and standard errors is given in Table 7.5. Classification proba—
bilities are in fact estimates of the person-class-indicator parameters ¢., which
range from zero to one, and which sum to one forc =1, ..., C, and thus are
interpretable as probabilities. Persons such as A and B, who respond correctly
only to intuitive items, are classified solidly into class 1. Even persons such
as C and D, who respond correctly to all of the intuitive items, and one or
two of the easier concrete items, are still most likely to be in class 1, although
person D has a small probability of being in class 2. Persons such as G and H,
who respond correctly to all of the intuitive items and mosr? of t.he concrete
items, including some of the most difficult of these, are class.xﬁed into class 2,
although person G, who misses two of the concrete items. still has nearly a 1
in 5 probability of being in class 1.

Persons such as E and F are more difficult to classify. These persons answer
some but not all of the concrete items, including some of the more difficult
ones. In addition. person F misses one of the intuitive itemns. These persons
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Table 7.5. Example person-response strings with proficiency and classification

Group 1 Group 2
Person  Responses Probability Ability SE Probability Ability SE
A 1110600 0060000 .00  -3.60 .99 00 ~3.50 .76
B 111111 600000 1.00 -0.151.17 00 -1.78 .76
C 111111 010000 1.00 1.23 1.17 .00 -1.19 77
D 111111 110000 .93 2.56 .08 .08 -.59 .79
E 111111 010101 .58 3.76 1.04 43 0.06 82
F 110111 000110 43 1.23 1.17 .87 ~1.19 .77
G 111111 110011 .18 4.67 .64 82 79 .90
H 111111 111110 .03 5.24 .65 97 1.74 1.06

have probabilities between .4 and .6 of beiug in either of the two classes:
essentially, they do not fall clearly into either class.!

The response vectors given in this table are typical of most of the response
vectors in the data set; in particular. most of the persons classified as intuitive
responded either like person B (responding correctly to all of the intuitive
items and to none of the concrete items), or by missing only one or two of
the intuitive items and still missing all of the concrete items—a total of 136
persons. or about 30%. Most of the persons classified as concrete responded
like persons F and G, responding correctly to all of the intuitive and all or
uearly all of the concrete items. Such persons accounted for 170, or about 37%.
Relatively few persons (19 in all. or 4%) missed one or more of the intuitive
items while responding correctly to some of the concrete items—persons guch
as F. The remaining persons either solved all of the intuitive, and one to three
of the concrete items, correctly (99, or about 22% of the data set), or solved
only a small number of the intuitive, and none of the concrete. items correctly
(36, or about 7% of the data set).

7.4 Discussion

The use of the saltus model has allowed us to learn some interesting things
about the example data set. For instance, it would seem that the saltus model
is more suitable for use with these data than a latent-class model. Latent-
class models are similar to mixture IRT models such as the saltus model
and the mixed RM, in that they assume that the observed population is
composed of latent subpopulations; however, in contrast to the latter, latent-
class models include no quantitative person parameters. In latent-class models;

! In order to determine whether persons such as E and F can be fitted by the model
appropriately, fit diagnostics (Molenaar, 1983) such as person-fit statistics may
be used. von Davier & Molenaar (2003) present person-fit statistics that can be
used with latent-class and discrete-mixture RMs.
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class membership accounts for all explained variation between persons, and
within-class variation is considered random variation. However, as seen in
Table 7.3, person classes have relatively large standard deviations (between
1.7 and 2.6 logits), indicating that there is substantial and more importantly,
systematic, within-class variability in these data.

Various types of fit analysis might prove useful. For example, it might be
useful to develop a saltus-like model with variable item slopes, since models
with equal slopes for all items are often too restrictive to fit well. In addition,
it might be the case that models that included saltus parameters indexed
by individual item (and perhaps by step in polytomous items), rather than
simply associating saltus parameters with items as a whole, and estimating a
single parameter across all items within an item class, might yield interesting
differences by item and/or step.

One promising method for estimating parameters for such models is
through their expression as generalized nonlinear mixed models. Statistical
software packages are being developed that can estimate a wide variety of
such models. An example of how this could be done using SAS was given by
Fieuws et al. (2004); other software packages could also be used.

The saltus mode] has shown potential for aiding researchers. especially in
the fields of cognitive science and Piagetian or neo-Piagetian theory, as do
other extended models able to reflect the complexities of polytomous data
and latent classes. For example, Commons and his colleagues have begun in-
vestigating the use of the saltus model for Commons’s general stage theory of
development (see, for cxample, Dawson et al., 1997). Other promising applica-
tions should follow as researchers in psychometrics continue their collaboration
with educational and psychological researchers.
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